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The rainbow state denotes a set of valence bond states organized concentrically around the center
of a spin 1/2 chain. It is the ground state of an inhomogeneous XX Hamiltonian and presents
maximal violation of the area law of entanglement entropy. Here, we add a tunable exchange
coupling constant at the center, γ, and show that it induces entanglement transitions of the ground
state. At very strong inhomogeneity, the rainbow state survives for 0 ≤ γ ≤ 1, while outside that
region the ground state is a product of dimers. In the weak inhomogeneity regime the entanglement
entropy satisfies a volume law, derived from CFT in curved spacetime, with an effective central
charge that depends on the inhomogeneity parameter and γ. In all regimes we have found that the
entanglement properties are invariant under the transformation γ ←→ 1−γ, whose fixed point γ = 1
2
corresponds to the usual rainbow model. Finally, we study the robustness of non trivial topological
phases in the presence of the defect.
I. INTRODUCTION
Entanglement provides a very useful connecting thread
through condensed matter physics, quantum optics and
quantum field theory, towards a unified field of quantum
matter [1, 2]. One of the most relevant insights is ex-
pressed through the area law [47, 48]: the entanglement
entropy of a block within the ground state (GS) of a local
quantum system is, in general terms, proportional to the
measure of its boundary [3, 4]. Interestingly, the GS of a
(1+1)D conformal field is an exception, and the entropy
of a block is generically proportional to the logarithm
of its volume, with a prefactor which is proportional to
the associated central charge [5–8]. There are other in-
teresting exceptions, such as random systems [9–14]. In
the strong inhomogeneity limit, the GS of many random
systems can be obtained via the Dasgupta-Ma procedure
[16, 17], which can be engineered to obtain a 1D GS with
maximal entanglement between its left and right halves,
known as the rainbow state [18–21]. This violation of the
area law is very robust with respect to the presence of
disorder in the hoppings [22, 27].
A physical interpretation of the rainbow state can be
provided by noticing that the Dirac vacuum on a static
(1+1)D metric of optical type can be simulated on a free
fermionic lattice with smoothly varying hopping ampli-
tudes [28, 29]. Indeed, the hopping amplitudes which
characterize the rainbow state can be understood as a
(1+1)D anti-de Sitter (AdS) metric [23–25]. Space is
exponentially stretched as we move away from the cen-
ter, giving rise to a similar exponential stretch of the en-
tanglement entropies, transforming the logarithmic law
into a volume law. The weak inhomogeneity limit is
determined by a deformation of the conformal law and
the strong inhomogeneity limit is determined by the
Dasgupta-Ma rule, and both fit seamlessly.
Thus, it is relevant to ask whether the weak and the
strong inhomogeneity limits will match in all possible sit-
uations. We have introduced a defect in the center of the
rainbow system and considered the entanglement struc-
ture as a function of the defect intensity and the curva-
ture. As we will show, both the Dasgupta-Ma and the
field theory approach that describes entanglement on a
critical chain with a defect [33–36] can be extended to
the curved case in the strong and weak inhomogeneity
regimes, respectively, providing a complete physical pic-
ture.
This article is organized as follows. Section II discusses
our model. The strong inhomogeneity limit, studied with
the Dasgupta-Ma RG, is described in detail in Sec. III,
while Sec. IV considers the weak-inhomogeneity regime
through a perturbation of a conformal field theory. We
characterize the entanglement structure via the entropies
and the entanglement spectrum, Hamiltonian and con-
tour. A duplication of the defect leads the system to a
symmetry protected topological (SPT) phase in coexis-
tence with a trivial dimerized phase, which are discussed
in Sec. V. The article ends with a brief discussion of our
conclusions and proposals for further work in Sec. VI.
II. THE MODEL
Let us consider a fermionic open 1D free fermion sys-
tem with an even number of sites N = 2L whose Hamil-
tonian is defined as:
HL(h, γ) = −1
2
L−1∑
m=−L+1Jmc
†
m−1/2cm+1/2 + h.c., (1)
where cn(c†n), with n = ± 12 ,± 32 ⋅ ⋅ ⋅ ± (L − 12) are fermionic
annihilation (creation) operators that obey the standard
anti-commutation relations. The hopping parameters Jm
are
Jm = {e−h∣m∣ if m ≠ 0,
e−hγ m = 0, (2)
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Figure 1: Illustrating the rainbow state, GS of HL(h,1/2)
with L = 6, for h ≫ 1. Links are indexed by the integer
m. The bonds are established between sites n and −n for
n ∈ {±1/2,⋯,±L/2 − 1}.
where h ≥ 0 is the inhomogeneity parameter, and γ ∈ R
parametrizes the value of the central hopping that we
shall interpret as a defect. Notice that sites have half-
integer indices, while links have integer ones. The Hamil-
tonian presents spatial inversion symmetry around the
central bond: Jm = J−m, which we will label bond-
centered symmetry (bcs) [21].
For γ = 1/2 we recover the so-called rainbow Hamilto-
nian, whose ground state is the rainbow state [18–20]. In
the strong-coupling regime (h≫ 1), the GS of HL(h,1/2)
is a valence bond solid (VBS) made of bonds connecting
opposite sites of the chain, as is illustrated in Fig. 1.
On the other hand, the weak coupling limit (h ≪ 1) is
characterized by the free-fermion conformal field theory
(CFT) on a different space-time, provided by the metric
ds2 = −e−2h∣x∣dt2 + dx2, (3)
thus justifying our claim that the rainbow state, in
the weak coupling regime, corresponds to the anti de
Sitter (AdS) Dirac vacuum. Using CFT tools, it has
been proved that the GS of Hamiltonian HL(h,1/2)
presents linear entanglement for all h, with an entropy
per site S/N ≈ h/6 (von Neumann entanglement entropy)
[23, 24]. We will discuss some of these properties in de-
tail in the corresponding sections, when considering how
they are modified by the defect.
III. THE STRONG INHOMOGENEITY LIMIT
When the inhomogeneity is large enough, it can be ad-
dressed through renormalization group (RG) schemes. In
particular we will use the Dasgupta-Ma procedure, also
known as strong-disorder renormalization group (SDRG)
[16], that was originally created to characterize ran-
dom spin chains, but can be immediately extended to
fermionic chains via de Jordan-Wigner transformation
[13]. At each step of the RG, four spins are considered:
the two spins (si and si+1 linked by the strongest coupling
(highest absolute value of Ji) and their nearest neigh-
bours, si−1 and si+2. The two spins coupled by Ji are
integrated out by forming a valence bond state (VBS)
and the two remaining ones are coupled with a new ef-
fective coupling constant that is obtained by means of
second order perturbation theory. For a free-fermionic
chain with a Hamiltonian such as (1), the effective cou-
pling takes the expression
J˜i = −Ji−1Ji+1
Ji
, ∣Ji∣ ≫ ∣Ji±1∣. (4)
The GS predicted by the SDRG is a valence-bond solid
(VBS) i.e. a tensor product of bonds:
∣GS⟩ = L∏
k=1(bηkik,jk)† ∣0⟩ , (5)
where ηk = ±1 is a phase given by Eq. (4), ∣0⟩ is the
Fock vacuum and b+i,j (b−i,j) are bonding (anti-bonding)
operators that create a fermionic excitation joining sites
i and j.
(b±ij)† = 1√
2
(c†i ± c†j) . (6)
They satisfy usual canonical anti-commutation rela-
tions. For our purposes, it is convenient to define the
log-couplings [22],
ti = − log ∣Ji∣
h
, (7)
where h is the inhomogeneity parameter that is included
for later convenience. In this language, the two fermionic
sites that are integrated out are those connected by the
lowest ti and the effective coupling Eq. (4) is computed
in additive way:
t˜i = ti−1 − ti + ti+1. (8)
Interestingly, Eq. (8) can be generalized for this type
of models: whenever a bond is established between sites
p and q (with p + q even), the renormalized log-coupling
is given by the sum rule [27]:
t˜[p,q] = q−p−1∑
j=0 (−1)jtp+j , (9)
or, in other words: the renormalized log-coupling can
be obtained summing all log-coupling between the two
extremes, with alternating signs.
Let us consider the GS of Hamiltonian (1) under the
light of the SDRG for h≫ 1. For simplicity, we will only
consider even L (the case of odd L can be straightfor-
wardly obtained), as a function of the defect parameter,
γ. The different phases will be discussed along the panels
of Fig. 2. In Fig. 2 (a) we have plotted the values of the
log-couplings, for later reference: {⋯,2,1, γ,1,2,⋯}.
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Figure 2: (a) Illustration of the rainbow chain with a central defect, showing the log-couplings on each link; (b) SDRG procedure
in the γ ∈ (0,1) case, leading to the rainbow phase; (c) SDRG for the γ < 0 case; (d) SDRG for the γ > 1 case, both leading
to dimerized phases; (e) and (f) transition cases, where the SDRG approximation is not valid; the dashed boxes mark the ties
between the couplings, which demand a different RG approach.
• The rainbow phase: γ ∈ (0,1), see Fig. 2 (b). The
strongest link (lowest log-coupling) is the central
one. Thus, a valence bond is established on top
(b+−1/2,+1/2) and an effective log-coupling appears
between its neighbors, of magnitude t˜ = 2 − γ < 2.
Thus, the central link is again the strongest one, so
we can put a valence-bond on top of it (b−−3/2,+3/2),
leading to an effective log-coupling of magnitude
t˜ = 2 + γ < 3. We can see that the procedure iter-
ates, giving rise to the rainbow state.
∣GS⟩γ∈(0,1) = L−1∏
i=0 (bηi−i−1/2,i+1/2)† ∣0⟩ , ηi = (−1)i. (10)
• The dimerized phase (I): γ < 0, see Fig. 2 (c). The
dominant interaction is again the central one, lead-
ing us to establish a valence bond on top. Yet, the
renormalized log-coupling, t˜ = 2 − γ > 2 is not the
strongest (lowest value) at the next SDRG itera-
tion. On the other hand, we are led to establish two
valence bonds on top of the links with log-couplings
equal to 2, in any order. The renormalized central
log-coupling after these two bonds have been estab-
lished is t˜ = 4 − γ > 4 (see Eq. (9)), so we are led
to the same situation, where the lateral links are
always stronger than the central one, leading to a
dimerized state. Yet, the last SDRG step leaves us
with the two extreme sites of the chain, leading to
a final bond connecting them. The ground state
can be written as
∣GS⟩γ<0 = (b−−L+ 12 ,L− 12 )†
L
2 −1∏
i=−L2 +1(b+2i− 12 ,2i+ 12 )† ∣0⟩ . (11)
Notice that the last bond is only present for even
L, while it is absent for odd L.
• The dimerized phase (II): γ > 1, see Fig. 2 (d).
In this case, the dominant interaction is not the
central one, but their neighbors, with t±1 = 1.
Hence, we must establish first these two valence
bonds, leading to a renormalized log-coupling be-
tween their extremes of t˜ = 2 + γ > 3 (see Eq. (9)).
Thus, we have the same situation, in which the
central link is not the strongest. In this case, no
long-range bond is established at the end of the
procedure, and we obtain
∣GS⟩γ>1 = L−12∏
i=−L−12 (b+2i− 12 ,2i+ 12 )† ∣0⟩ . (12)
4Both dimerized phases are related to the two phases
of the Su-Schrieffer-Heeger (SSH) model [30, 31].
• The transition points: γ = 1 and γ = 0, see Fig. 2
(e) and (f). Let us start with γ = 1 (Fig. 2 (e)). The
first SDRG step fails, because the strongest cou-
pling is not unique. On the other hand, we obtain
a triple tie in the three central links, with t0,±1 = 1.
In Appendix A we have developed an extension of
the SDRG for the free-fermion model when a block
with 2` sites is integrated out, yielding the renor-
malized log-coupling given by the sum rule, Eq.
(9). Thus, the renormalized log-coupling between
sites −5/2 and +5/2 is t˜ = 3, leading to a new triple
tie, which propagates further along the chain. For
γ = 0, on the other hand, the strongest link is the
central one, thus receiving a valence bond. But, on
the next SDRG step, we can see that the effective
central log-coupling is t˜ = 2, equal to its neighbors
in a new triple tie, forcing us to recourse to the
extended SDRG. From that moment on, all SDRG
steps lead to triple ties. The GS can be written
exactly in these two cases (see details in Appendix
B)
∣GS⟩γ=0 = (b−−L+ 12 ,L− 12 )†
L
4∏
i=1(dηi2i+ 12 )†(b+− 12 , 12 )† ∣0⟩ , (13)
∣GS⟩γ=1 = L2∏
i=1(dηi2i− 12 )† ∣0⟩ , (14)
where d±k is operators creating two particles on four
fermionic sites,
(dηii )† = (vηi)†(uηi−1)† ∣0⟩ , ηi = (−1)i, (15)
u±i = 1√
5+√5(c−i ± ci) + 1√5−√5(c−i+1 ± ci−1), (16)
v±i = 1√
5−√5(c−i ± ci) + 1√5+√5(c−i+1 ± ci−1). (17)
The aforementioned description, along with the evi-
dences presented in the rest of this section allow us to
claim that the rainbow system with a defect presents two
entanglement transitions [32] in the strong inhomogene-
ity regime.
It is worth to notice the existence of a symmetry be-
tween the cases γ ≤ 0 and γ ≥ 1. Consider a system
HL(h, γ < 1). After performing the first RG step, the
new system is described by the renormalized Hamilto-
nian HL−1(h,2 − γ). If we now subtract one from all
the log-hoppings (or equivantly we divide by e−h all the
hoppings) the Hamiltonian becomes ehHL−1(h,1 − γ),
which describes a system of N −2 sites and a defect with
strength 1 − γ. Hence, the transformation
γ
1 2 3 4 5
1 2 3 4 5
(a) (b) γ ∈ (0, 1)
(c) γ < 0 (d) γ > 1
(e) γ = 0 (f) γ = 1
Figure 3: (a) Folding the rainbow into a two-rung ladder; (b)
folded rainbow structure, obtained for γ ∈ (0,1); (c) and (d)
folded dimerized structures, for γ < 0 and γ > 1; (e) and (f)
folded versions of the transition points, with the plaquettes
marked where operators d† act, see Eq. (15).
γ → γ˜ = 1 − γ, (18)
leaves the structure invariant (up to a global constant).
Note that this symmetry can be considered as a local
strong-weak duality of the defects, leaving the γ = 1/2
point invariant.
The structure of the different phases of the rainbow
system with a defect can be properly understood if we
fold the chain around the central link, as it is shown in
Fig. 3 (a), converting the chain into a two-rung ladder
where sites +k and −k face each other [21]. This transfor-
mation converts rainbow bonds into vertical bonds and
the remaining local bonds into horizontal bonds. The
lower panels of Fig. 3 present the bond structure as a
function of γ.
A. Energies
Let us consider the single-body energy levels Ek(h, γ)
(k ∈ {0,⋯,N − 1}) of HL(h, γ), , obtained by diago-
nalizing the corresponding hopping matrix. Due to the
particle-hole symmetry, Ek = −EN−k, we need only con-
sider values up to L − 1. For large h, these single-body
energy levels correspond to the couplings associated with
each valence bond, thus leading us to propose that the
following limits are finite,
lim
h→∞− log ∣Ek(h, γ)∣h = Ξk(γ). (19)
Fig. 4 (top) plots these values, Ξk(γ) as a function
of γ for L = 12, obtained numerically using h = 15 (for
which convergence has been achieved and ). Notice the
5clear pattern: for γ > 1, all energy levels are degenerate,
Ξ2k(γ) = Ξ2k+1(γ) = 2k + 1 for k ∈ {0,⋯, L/2 − 1}, while
for γ < 0 all energy levels are degenerate and constant,
except the first and last which vary exponentially with
γ, Ξ2k−1(γ) = Ξ2k(γ) = 2k for k ∈ {1,⋯, L/2− 1}. Indeed,
these values correspond to the energies associated to the
successive valence bonds of the dimerized phases. On
the other hand, for γ ∈ (0,1) the energy levels are not
degenerate, and we can observe the same alternation of
the renormalized log-couplings that we observed in the
SDRG description: Ξk(γ) = k+1/2+(−1)k(γ−1/2). Thus,
the transition points, γ = 0 and γ = 1, correspond to the
points where the degeneracy starts and ends.
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Figure 4: Top: plot of Ξk(γ), obtained numerically for L = 12
and h = 15, see Eq. (19). Each curve matches the renor-
malized log-couplings along the SDRG procedure. Bottom:
ground state energy, with the lowest single-body energy level
removed, as a function of γ for the same system. Inset: energy
gap in units of the lowest energy scale of the system, ∆E/JL,
for L = 12 and L = 13.
The ground state energy is the sum of the energies of
the occupied orbitals, EGS(h, γ) = ∑L−1k=0 Ek(h, γ). No-
tice that for large h and γ > 1, the lowest single-body
energy E0(h, γ) is the main contribution to EGS(h, γ) as
its value grows exponentially with γ (see the lowest line
of the top panel of Fig. 4), so we have considered instead
the quantity
E˜GS(h, γ) = −EGS(h, γ) +E0(h, γ) = −L−1∑
k=1Ek(h, γ).
(20)
The values of E˜GS(h, γ) are plotted in Fig. 4 (bottom)
for the same system L = 12 and h = 15, in logarithmic
scale. Notice the three regions: for the dimerized phases,
E˜GS(h, γ) stays constant, while for the rainbow phase
it grows exponentially. Indeed, for h → ∞, the energy
curve log(E˜GS(h, γ))/h becomes non-smooth at γ = 0
and γ = 1, pointing at a phase transition.
In addition, the inset of Fig. 4 (bottom) plots the en-
ergy gap ∆E/JL = (EL −EL−1) /JL, normalized with the
lowest energy scale of the system (the lowest coupling
constant). We can see that it presents two types of be-
haviors, depending wether the spectrum has a long range
mode (with EL−1(h, γ) = e−Lh): for even L it is close to
zero (∆E/JL ∼ e−h) for γ < 1, while for odd L it is close
to zero (∆E/JL ∼ e−h) for γ > 0. For γ ∈ [0,1], it is close
to zero for all sizes.
B. Correlations and order parameters
In order to provide further support to our idea that
there is a phase transition at γ = 0 and γ = 1 in the
strong coupling limit, let us provide two order param-
eters, that we will call the dimerization parameter, ∆d
and the rainbow parameter, ∆r,
∆d = 1
N
L− 12∑
i=−L+ 12 ∣⟨ψ∣c†ici+1∣ψ⟩∣ (21)
∆r = 1
L
L− 12∑
i=− 12 ∣⟨ψ∣c†ic−i∣ψ⟩∣. (22)
Fig. 5 shows the behavior of these two order parame-
ters as a function of γ, for two values of h and L = 10. For
large h (h = 10 in the figure), we see that the rainbow pa-
rameter ∆r tends to 1 in the rainbow phase (γ ∈ (0,1)),
while it decays to zero in the dimerized phases. The op-
posite behavior is true for the dimerization parameter
∆d.
C. Entanglement entropy
Given a system in a pure state, ∣ψ⟩, the entanglement
entropy (EE) of a block A is defined as the von Neumann
entropy of its associated reduced density matrix ρA =
TrA¯ ∣ψ⟩ ⟨ψ∣, where A¯ is the complementary of A.
S[ρA] = −TrρA log(ρA), (23)
while the Re´nyi entropy of order n is defined as
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Figure 5: Dimerization parameter ∆d (blue curves) and rain-
bow parameter ∆r (red curves) as a function of γ, for a system
of L = 10. As the inhomogeneity parameter h grows, ∆d ap-
proaches one in the dimerized phases and zero in the rainbow
phase, while ∆r approaches one in the rainbow phase and
zero in the dimerized phases.
S(n)[ρA] = 1
1 − n log TrρnA. (24)
Needless to say, the different entanglement entropies are
determined by the eigenvalues of the reduced density ma-
trix, also known as entanglement spectrum (ES). There
is well known procedure [38] in order to obtain the ES
through the spectrum of the correlation matrix restricted
to the block, ⟨c†icj⟩, with i, j ∈ A. The correlation matri-
ces can be exactly obtained in the strong coupling limit,
as it is shown in Appendix C. On the other hand, when
the state is a VBS, we can evaluate the EE just by count-
ing the number of bonds which are broken when we de-
tach the block from its environment, and multiplying by
log(2), and the same is true for all Re´nyi entropies.
We have considered two different types of blocks: lat-
eral blocks start from the extreme of the chain, while
central blocks are symmetric with respect to the center.
In the next paragraphs we will describe the behavior of
their entanglement.
1. Lateral blocks. Half chain entropies
Lateral blocks A` = {−L+ 12 , . . . ,−L+ 12 +`} are contigu-
ous blocks containing one of the extremes of the chain.
Concretely, we will be interested in the EE of the half
chain, S(L) = S[AL] in the strong coupling regime for
different values of γ. Let us remind the reader that we
will only consider even L for simplicity, and that the dif-
ferent phases can be visualized either in Fig. 2 and Fig.
3, where the blocks contain ` sites from the upper leg,
starting from the right end.
• Rainbow phase, γ ∈ (0,1): the EE (and all other
Re´nyi entropies) are merely proportional to the
lenght up to ` = L, S[A`]γ∈(0,1) = log(2)min(`,2L+
1 − `) .
• Dimerized phases, γ < 0 or γ > 1: the lateral
blocks cut either zero or one bonds for γ > 1,
S[A`]γ>1 = log(2)(1 − (−1)`)/2; yet, for γ < 0 there
is always a long-distance bond joining both ends,
thus S[A`]γ<0 = log(2) (1 + (1 + (−1)`)/2).
• Transition cases: γ = 0 and γ = 1: The state is
not a VBS, so the EE of a block can not be eval-
uated just by counting broken bonds. As we can
see in the folded view, Fig. 3, the sites are grouped
into plaquettes (except, maybe, for the extremes
and the central link). Cutting one of these plaque-
ttes horizontally in half contributes a finite amount
of entanglement Sa, which is exactly evaluated in
Appendix C (see Eq. (15)):
Sa = log 20 − 4 tanh−1 ( 2√5)√
5
≈ 0.4133, (25)
we are thus led to exact expressions for the
half-chain entropy: S[AL]γ=1 = SaL/2 log(2),
S[AL]γ=0 = Sa (L/2 − 1) + 2 log(2).
All these results can be checked in Fig. 6 (top) for two
rainbow chains with L = 20 and L = 21, using h = 10,
where S[A`] is plotted as a function of ` for different
values of γ. We can see that the γ = −0.5 and γ = 1.5
cases show a properly dimerized behavior, and the γ = 0.5
values correspond to the rainbow, linear with (maximal)
slope log(2). For the transition points, γ = 0 and γ = 1
we can observe a linear behavior (with parity oscillations)
with a slope Sa.
2. Central blocks
In this subsection we consider the EE of central blocks,
symmetrically placed around the center of the chain, B` ={−`+ 1
2
,⋯, `− 1
2
}. Again, we suggest the reader to refer to
the corresponding panels of Fig. 2 and Fig. 3, where the
blocks now include ` rungs starting from the left extreme.
• Rainbow phase, γ ∈ (0,1): we always have
S[B`]γ∈(0,1) = 0.
• Dimerized phases, γ < 0 or γ > 1: central blocks ei-
ther cut zero or two bonds. Always usign even L we
have S[B`]γ<0 = (1 + (−1)`) log(2) and S[B`]γ>1 =(1 − (−1)`) log(2).
• Transition phases, γ = 0 or γ = 1: central blocks
can cut plaquettes in half vertically, in the folded
view. Each such cut contributes a finite amount of
entanglement, given by (See Appendix C and Eq.
(15)):
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Figure 6: Top: Entanglement entropy of blocks of size ` using
h = 10 for two systems, of size L = 20 and L = 21, for different
values of γ. Bottom: EE of the central blocks B` for L = 20
sites and h = 10. The top horizontal line marks 2 log 2, and
the lower one marks Sb, see Eq. (26)
.
Sb = log 5 − coth−1 (√5)√
5
≈ 1.1790, (26)
which leads us to the expressions S[B`]γ=0 = (1 +(−1)`)Sb and S[B`]γ=1 = (1 − (−1)`)Sb.
All these features can be checked in Fig. 6 (bottom),
where we can see the central blocks entropy S[B`] as
a function of ` for different values of γ. Note that the
EE of the central blocks is always bounded, thus obeying
the area law. Non-local fermionic excitations of the type
bi,−i and di (see Eq. (6) and Eq. (15)) are made local
by the folding operation previously discussed [21], and
allows to describe the system state using only short range
entanglement (SRE).
It is important to realize that it is possible to find lo-
cal blocks whose EE is zero independently of the defect
(see Fig. 3). This means that the system is topologically
trivial for all γ [21]. On section V we will discuss the site
centered symmetry case, that presents interesting topo-
logical features.
IV. WEAK INHOMOGENEITY: DEFECT ON A
DEFORMED BACKGROUND
It is relevant to ask whether the phases described in the
strong inhomogeneity limit and the corresponding entan-
glement transitions extend into the weak inhomogeneity
regime. The answer is no, but some relevant traits do.
In Fig 7 we show the dependence on h of the EE of
the half chain, S(L) = S[AL], for different values of γ.
We can observe a perfect symmetry between γ and 1−γ,
and the three different trends in the large h limit that we
have explained on the previous section: for γ ∈ (0,1) the
EE reaches its maximal value; for γ ∈ {0,1}, it reaches
an intermediate value (SaL/2); for γ /∈ [0,1], it stays at
log(2). Interestingly, the behaviour is remarkably differ-
ent for lower values of h, as we will discuss.
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Figure 7: EE of the half system N = 22 as a function of h for
different values of the defect strength γ.
For h = 0 the Hamiltonian (1) becomes the standard
massless free-fermionic chain with open boundary condi-
tions (OBC) which can be described at low energies by a
conformal field theory (CFT) with c = 1. It is interesting
to discuss first such a system in presence of a defect.
A. Homogeneous chain with defect
Let us consider an homogeneous free fermionic chain
with OBC and a defect on its central link, parametrized
by a coupling parameter τ ,
Hτ = −τ
2
c†− 12 c 12 − 12 L−3/2∑n=1/2 c†ncn+1 + c†−nc−n−1 + h.c. (27)
Let us take the continuum limit of (27) and characterize
its low-energy properties by expanding the local opera-
tors cn into slow left/right moving components ψ{L,R}
around the Fermi points, and introducing a physical co-
ordinate x = an, with lattice constant a→ 0, while L→∞
with L = aL fixed.
8cm ≈ √a (eikF xψL(x) + e−ikF xψR(x)) . (28)
The boundary conditions satisfied by the fields at the
edge boundaries ψL,R(±L) are obtained by imposing
c±(L+ 12 ) = 0:
ψL(±L) = eipi(L± 12 )ψR(±L). (29)
In order to characterize the effect of the defect τ , we need
to distinguish between the fields on the left side ψIL,R and
the right side ψIIL,R of the defect, which are related by a
transfer matrix ψI = TψII (see Appendix D):
(ψIL
ψIR
) = 1
2τ
( τ2 + 1 −i(τ2 − 1)
i(τ2 − 1) τ2 + 1 )(ψIILψIIR ) . (30)
It is important to realize that T only depends on the
defect and a vicinity of radius a (lattice sites ± 1
2
and± 3
2
). Also notice that for τ = 1, T = I. Following [50], we
can associate this transfer matrix to the one associated
with a massless Dirac fermion with a δ term associated
to a mass m and to a chiral mass m′,
TD = 1
1 − r2 − r′2 (1 + r2 + r′2 2(ir + r′)2(−ir + r′) 1 + r2 + r′2) , (31)
where r ∝ m and r′ ∝ m′ are the reflection coefficients
associated to both terms. If we assume r′ = 0 and com-
pare with Eq. (30) we find that
r = 1 − τ
τ + 1 . (32)
Hence, the field theory associated to the homogeneous
system in presence of a defect Eq. (27) is a massless
Dirac fermion with a δ potential term that mixes the left
and right moving fermions generating a local mass placed
at the center.
The entanglement properties of this system were stud-
ied by Eisler and Peschel [36]. The authors used a con-
formal mapping to the isotropic 2D Ising model to show
that the EE of the half chain presents a logarithmic be-
haviour, as predicted by CFT, but with a coefficient that
depends on the strength of the defect which they called
effective central charge:
S(L) = ceff
6
logL + c′, (33)
with
ceff = 6
pi2
I(s), (34)
and I(s) given by (see Eq. (26) of [36]):
I(s) = −1
2
[((1 + s) log(1 + s) + (1 − s) log(1 − s)) log s+(1 + s)Li2(−s) + (1 − s)Li2(s)] ,
with s = sin(2 arctan τ) and Li2(z) is the dilogarithm
function [37].
B. Field theory of the rainbow model with a defect
Let us return to our rainbow model with a defect. In
order to build the field theory describing the low energy
physics of Hamiltonian (1) in the weak inhomogeneity
regime we need to obtain the transfer matrix Th,γ asso-
ciated to the defect. Since the defect is local, we will
conjecture that Th,γ is determined by the defect and its
closest vicinity (see Appendix D):
Th,γ = 1
2
eh(γ− 12 ) ( e−2h(γ− 12 ) + 1 −i(e−2h(γ− 12 ) − 1)
i(e−2h(γ− 12 ) − 1) e−2h(γ− 12 ) + 1 ) .
(35)
Note that Th,γ = T described in Eq. (30) if we define
τ = e−h(γ−1/2). (36)
Notice that the symmetry γ → 1 − γ described in the
previous section is also present in the transfer matrix:
Th,1−γ is Th,γ with opossite signs in the non diagonal
terms and that τ = 1 if h = 0 but also if γ = 1
2
. This
implies that the defect has no effect in HL(h, 12) or, in
other terms, we will say that the defect is absent. Indeed,
evaluating the continuum limit of Eq. (28) over Eq. (1)
leads to an effective Hamiltonian [20, 23, 24]:
H ≈ i∫ L˜−L˜ dx˜ [ψ˜†L∂x˜ψ˜L − ψ˜†R∂x˜ψ˜R] , (37)
where x˜ is given by
x˜ ≡ sign(x)eh∣x∣ − 1
h
, (38)
and
ψ˜{L,R}(x˜) = (dx
dx˜
)1/2 ψ{L,R}(x). (39)
Thus, our field theory is the free Dirac field on a back-
ground metric given by:
ds2 = −e−2h∣x∣dt2 + dx2, (40)
i.e. a static metric, defined by a local speed of light or
local Fermi velocity vF (x) = e−h∣x∣.
9The metric (40) is Weyl equivalent to the flat metric
with Weyl factor e−h∣x∣, equal to the continuum limit of
the hopping amplitudes Eq. (2). Moreover, the metric
has a scalar curvature given by R(x) = 2hδ(x) − h2, i.e.
except at the origin, it is an homogeneous manifold with
negative curvature that can be mapped to the Poincare´
metric in the upper half-plane [29] or the anti-de Sitter
(AdS) metric in 1+1D [25]. As a consequence, the field
theory associated to the Hamiltonian HL(h, γ ≠ 12) for
low energies should be described by a free Dirac theory
with a local defect –which is analogous to the one stud-
ied in the previous subsection– but in the background
metric described above. In what follows we show that
this is the case by studying the entanglement proper-
ties such as the entanglement entropy, the entanglement
spectrum, the entanglement Hamiltonian and the entan-
glement contour.
C. Entanglement entropy
In the case of absence of defect, γ = 1
2
, the EE can be
evaluated for intervals of the form (−L,x) within a 2D
CFT [5–8], leading to the expression
S
(n)
CFT(x) = cn + 112n logY (x), (41)
where
Y (x) = 2L
pi
sin(pi(L + x)
2L
) , (42)
and  is the UV cutoff. However, the actual entropy of
the discrete state is not exactly equal to that because a
non-universal term must be added. Its value is exactly
known in the case of the free-fermionic field [12, 51] and
will not be considered here. We can compute the uni-
versal part of the EE by making an appropriate use of
transformation (38) on expression (41). Indeed, besides
the transformation of L and x, we need to take into ac-
count the transformation of the UV cutoff, , through the
Weyl factor, ˜ = eh∣x∣  in our metric. We obtain
S
(n)
γ= 12 (x) = cn + 112n log Y˜ (x), (43)
with
Y˜ (x) = e−h∣x∣ ehL − 1
pih
cos(pi
2
eh∣x∣ − 1
ehL − 1 ) . (44)
The half chain EE scales linearly:
Sγ= 12 (L) ≈ chL6 . (45)
However, the defect (γ ≠ 1
2
) creates a mass and intro-
duces a scale, breaking the conformal invariance of the
system. As a consequence, the previous formulae can
not be applied to compute the EE. Nevertheless, the EE
should follow Eq. (34), with the modifications associated
to the change of background. Indeed, we should modify
Eq. (45) as
Sγ(L) ≈ ceff(τ)hL
6
(46)
where τ is given by Eq. (36). In order to check this,
we have obtained the entropy per site, defined for conve-
nience as
s(h, γ) = lim
L→∞ 6S[AL]L . (47)
The values of s(h, γ) are obtained through a linear fit.
Fig. 8 (top) shows this entropy per site as a function
of h for several values of γ. For very low values of h,
all curves seem to collapse. Yet, for γ /∈ [0,1], the curve
s(h) eventually presents a maximum and decays to zero.
This is a signature that the system will obey the area
law in the strong inhomogeneity limit. The validity of
Eq. (46) can be checked with the soft continuous lines,
which correspond to the theoretical prediction. Indeed,
for low values of h the prediction is very accurate, losing
this accuracy for large inhomogeneity (h ≈ 1.5).
Furthermore, Eq. (46) suggests that the entropy per
site will collapse if we plot s(h, γ)/h as a function of a
measure of the defect intensity, h(γ − 1/2). Indeed, this
collapse can be seen in the bottom panel of Fig. 8, show-
ing the universal curve for ceff(τ). The high accuracy of
this collapse can be checked in the inset, which shows
the same data in logarithmic scale. Moreover, the circles
correspond to the plot of ceff in Eq. (34) as a function of
log(τ), for comparison.
D. Phase Diagram
In Fig. (9) we show the relative error between the
theoretical prediction and the numerics
δs(h, γ) = ∣s(h, γ) − hceff∣
s(h, γ) , (48)
in the color intensity. The white lines correspond to the
theoretical values of the relative maxima of s(h, γ) as a
function of h, following Eq. (46). Notice that the theo-
retical prediction states that, for all γ, the curve s(h) will
present a maximum and decay to zero afterwards. Thus,
weak inhomogeneity regime presents a smooth crossover
into the three phases of the strong coupling regime de-
scribed in the previous section. or large h lattice effects
become dominant and the universal properties predicted
by the field theory approach are lost.
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Figure 8: Top: Entropy per site of the rainbow model with a
defect, s(h, γ) as a function of h, for different values of γ. Soft
continuous lines correspond to the theoretical prediction, Eq.
(46). Bottom: entropy per site divided by the inhomogeneity
parameter, as a function of the defect intensity, h(γ − 1/2),
showing the collapse predicted by Eq. (46).
E. Beyond Entanglement Entropy
The characterization of entanglement can be improved
with the study of the entanglement spectrum (ES), en-
tanglement contour and entanglement Hamiltonian. All
these mathematical objects are associated to the reduced
density matrix of the block, ρA.
1. Entanglement Hamiltonian
The reduced density matrix ρA of a Gaussian fermionic
state can be written in the form
ρA = exp(−2piHA) ≡ exp⎛⎝−2pi∑p pd†pdp⎞⎠ , (49)
for some fermionic operators dp. The p are called the
single-body entanglement spectrum, but the term single-
body is usually dropped. Operator HA is termed the en-
tanglement Hamiltonian (EH), and it can be shown to be
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Figure 9: Phase diagram, absolute error of the EE predic-
tion; the white lines correspond to the local maximum of the
entropy density, s(h).
approximately local for a 1+1D CFT [24]. Indeed, it can
be written as
HA ≈∑
i
βA(i) c†ici+1, (50)
where the βA(i) constitute entanglement couplings, and
can be accounted for in CFT providing an extension of
the Bisognano-Wichmann theorem [24, 53]. There are
also non-zero terms presenting long-range interactions,
but they are expected to be very small. The estimation
of the set of βi is obtained by minimizing an error func-
tion E(β) ≡ ∑i,j∈A (Cij − Tr(ρA(β)c†icj)) using standard
optimization techniques [24].
The numerical values of {β(i)} for the left half (block
AL) of a L = 20 system, using h = 0.5 and different val-
ues of γ are shown in Fig. 10. For γ = 1/2 the EH of
the rainbow system presents flat coefficients β(i) every-
where except near the physical boundary (left extreme)
and near the internal boundary (right extreme), where it
follows the Bisognano-Wichmann prediction, that they
will decay to zero linearly, with slope 1. Yet, in presence
of a defect we observe an increasing dimerization of the
EH.
Let us remind the reader that the flat profile for {β(i)}
in the rainbow case accounts for the fact that the rainbow
GS for all values of h resembles a thermofield double [24],
i.e.
∣Ψ⟩ ≈∑
n
exp(−βEn/2) ∣n⟩L ⊗ ∣n⟩R , (51)
where En and ∣n⟩{L,R} are the energies and eigenstates of
the homogeneous free Hamiltonian on the left/right with
open boundaries. Thus, we are led to the following claim:
in presence of a defect, the ground state of Hamiltonian
(1) is still approximately a thermofield double, but of
a dimerized Hamiltonian, with dimerization parameter
associated to the defect strength γ.
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Figure 10: Entanglement Hamiltonian coefficients {β(i)} for
the left half of a L = 20 rainbow with a defect, using h =
0.5. Notice that, for γ = 1/2 the bulk is flat, as expected,
but for the other values the Hamiltonian coefficients present
dimerization, which changes the high and low values when we
change γ for 1 − γ.
We would like to stress that the cases of γ and 1 − γ
are extremely similar, only interchanging the higher and
lower values of the dimerization pattern.
2. Entanglement Spectrum
For free systems, the entanglement spectrum (ES){k}Lk=1 of a block A is the single-body spectrum of the
reduced density matrix ρA [52]. In terms of the ES, the
eigenvalues {νk}Lk=1 of the block correlator matrix are
written [38] as:
νk = 1
ek + 1 . (52)
The ES contains more physical information than the en-
tanglement entropy. In some cases, its low part can be
regarded as the energy spectrum of a boundary CFT [49].
We have considered the full ES of the left half block,
AL, for different values of γ. As it can be expected, the
defect preserves the particle-hole symmetry. The most
salient feature is that the ES shows a finite gap ∆ whose
width grows with γ, as can be seen in Fig. 11 (top). For a
CFT system, the entanglement gap, ∆ ∼ 1/ log(L), but
for a deformed system such as the rainbow we should
consider instead ∆ ∼ 1/ log(L˜) ∼ 1/L. Indeed, for low h
the gap decays linearly with the system size, as we can
see on the bottom panel of Fig. 11 for h = 0.015, but it
seems to reach a finite value for h = 0.32.
3. Entanglement Contour
The entanglement contour [54] attempts to answer the
question about where is the entanglement entropy lo-
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Figure 11: Top: Entanglement spectrum k of the left block of
a system with L = 150 and different values of γ. Upper panel:
h = 0.32, lower panel: h = 0.015. Bottom: Scaling of the ES
gap ∆ with size 2L for different values of γ. The upper panel
shows the case h = 0.32, and the lower panel h = 0.015.
cated. The entanglement entropy of a block is decom-
posed
SA = ∑
i∈AσA(i), (53)
with σA(i) ≥ 0. Although the entanglement contour is
not uniquely defined, different candidate definitions have
provided very similar values [24, 55, 56], thus pointing at
the existence of a deeper contour which would have the
current candidates as approximations. Since the rainbow
system is defined here for a free-fermionic system, we will
employ the approach given in [54].
Fig. 12 shows the curve of the entanglement contour
for the left block of the rainbow GS using L = 40 and
h = 0.5, for different values of γ, scaled with the entropy
density predicted in Eq. (46). The collapse is very clear
in the bulk region, which presents universal features, and
a little bit less near the boundary, where it does not.
Importantly, notice that the entanglement contour does
not present any oscillations related to dimerization, with
a constant entropy per site in the bulk.
12
0.01
0.1
0 5 10 15 20 25 30 35 40
σ
A
(i
)/
s(
h
(γ
−
1
/2
))
i
γ = 1/2
γ = 1
γ = 2
γ = 3
γ = 4
γ = 5
γ = 6
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is the physical boundary while the right one is originated by
the block) of the rainbow model with a defect using L = 40
and h = 0.5, scaled with the entropy per site predicted in Eq.
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V. DEFECT IN A SYMMETRY PROTECTED
TOPOLOGICAL PHASE
The system considered so far, Eq. (1), presents bond
centered symmetry, i.e.: the center of symmetry is in the
middle point of the central link. However, many different
properties arise when we consider site centered symmetric
(scs) systems [21], where the center of symmetry corre-
sponds to a site. Let us consider a system defined on a
chain with N = 2L sites, whose Hamiltonian is:
HN(h, γ)scs = −1
2
N∑
m=1Jmc†mcm+1 + h.c., (54)
where the fermions are now placed on integer positions
and there are two equal central hoppings depending on
γ:
Jm = {e−h(∣m−(L+ 12 )∣− 12 ) if m ≠ L,L + 1,
e−hγ if m ∈ {L,L + 1}, (55)
i.e., the log-couplings (see Eq. (7)) present the pattern{. . . ,3,2,1, γ, γ,1,2,3, . . .}. The site-centered symmetry
manifests itself through the invariance of the hoppings
under an inversion around the central site L + 1: Jn =
JL+1−n. Notice that the new notation is different from
the bond centered symmetry case, Eq. (1), which is now
convenient due to the different type of symmetry.
In [21] it was shown that after performing a folding op-
eration around the central site, the system becomes an
inhomogeneous realization of the SSH model, thus be-
longing to the BDI class of topological phases [39–46].
Since the topological nature of the state is highlighted
after removing the local entanglement [45], it is better
to study the system in the strong inhomogeneity regime.
The fermionic excitations are not spread along the whole
system as it is the case in the weak inhomogeneity limit.
Hence, we will study the system in the strong coupling
regime HN(h ≫ 1, γ)scs by means of renormalization
schemes that depend on the value of γ (see details in
Appendix E).
Let us start by considering the case γ ≤ 1. The domi-
nant interaction involves the three central sites, L, L + 1
and L + 2. With a real space first order perturbation
theory RG [21]. On each step, three fermions are trun-
cated into one which participates on the next step (un-
like the RG of the systems with bcs symmetry, where
the fermions are integrated out on each step and hence
are decoupled from the system) leading to a topological
ground state with non removable entanglement that be-
longs to the BDI class [21, 40]. The case with γ = 1 differs
only on the first step of the RG where 5 spins (instead of
three) are truncated to one.
On the other hand, the case γ > 1 is again different.
Starting from HN(h, γ)scs, the dominant interactions are
two non consecutive log-couplings 1 which allows the
use of the Dasgupta-Ma RG Eq. (8), leading to an ef-
fective system whose Hamiltonian is HN−4(h,1 + γ)scs.
If 1 + γ happens to be the dominant interaction, three
fermions are involved so the Dasgupta-Ma Rg is not ap-
plicable anymore and the way of procedure is described
in the previous paragraph. On the contrary, if the log-
couplings 2 are the dominant interaction, the Dasgupta-
Ma RG can be applied again leading to a new Hamil-
tonian HN−8(h,2 + γ)scs. Hence, the same dichotomy is
present in the next step. The procedure iterates and un-
less γ > L − 1 the RG flows eventually to a dominant
interaction which involves three fermions.
Therefore we see that the GS of the Hamiltonian
HN(h, γ > 1)scs is obtained via the application of two
kinds of renormalization group schemes. As a conse-
quence, the ground state of this Hamiltonian has two dif-
ferent phases that coexist: a dimerized phase around the
defect and the BDI phase away from it. This coexistence
is well captured by considering the EE of central blocks
B` = {L− `,L+ 2+ `}, with ` ∈ {0, . . . , (L− 1)}. Since the
system is topologically non-trivial, there is entanglement
that cannot be removed (the EE in bounded by log 2 for
all B`) and for blocks B` with ` < ⌊γ⌋, SB` = 3 log 2
due to the fact that there are two fermionic excita-
tions b†
L−2(`−1),L−2(`−1)−1 ∣0⟩ and b†L+2`,L+2`+1 ∣0⟩ that are
not fully contained in the block B`. Furthermore, the
dimerized phase appears only in the strong coupling limit
h → ∞ while the BDI phase is independent of the inho-
mogeneity parameter. This fact can be checked by con-
sidering the behaviour of the single body entanglement
spectrum k, see Fig. 13 and Eq. (52). There is a zero
mode 0 = 0 for all h that gives rise to a double degener-
acy of the many-body entanglement spectrum and it is
a signature of the topological nature of the state. There
are also two additional zero modes due to the presence of
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as a function of h. Notice the topological zero mode, which
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the defect but they are not topological, since they depend
on the inhomogeneity.
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VI. CONCLUSIONS AND FURTHER WORK
In this work we have characterized a lattice model
of Dirac fermions on a negatively curved background in
presence of a local defect. The unperturbed lattice model
is the so-called rainbow model, which is a free-fermionic
chain with hoppings which decay exponentially from the
center. Its ground state presents linear growth of the en-
tanglement, with an entropy per site proportional to the
inhomogeneity parameter h in the weak inhomogeneity
regime, which is described by a geometrical deformation
of the free-fermionic conformal field theory, associated to
a hyperbolic space-time metric. The strong inhomogene-
ity limit is described as a valence bond state with con-
centric bonds around the center, as it can be established
using the Dasgupta-Ma renormalization group.
The presence of a defect in the center of the chain can
induce an entanglement transition in the strong inhomo-
geneity limit, characterized by a rainbow phase of linear
scaling of entanglement for intermediate defect strengths,
and two dimerized phases, with alternate dimerizations
in similarity with the SSH model. Further hints of the
transition are provided by the ground state energy, the
single-body orbitals, the energy gap (rescaled with the
minimum coupling) and two order parameters: the aver-
age dimerization and the rainbow order parameter, which
measures the average occupation of the concentric bonds.
In the weak inhomogeneity limit, the transition gets
blurred, and the ground state always presents linear en-
tanglement, with an entropy per site that can be effec-
tively described by a geometric deformation of the entan-
glement entropy of a homogeneous fermionic chain with
a central defect. Analysis of the entanglement gap and
the entanglement Hamiltonian allow us to claim that the
system behaves as a thermofield double, as in the rain-
bow case, but with a dimerized Hamiltonian instead of a
homogeneous one.
Interestingly, the rainbow system presents non-trivial
topological properties when it is centered on a site in-
stead of a link. In presence of a defect, the ground
state presents an interesting coexistence of a symmetry-
protected topological phase near the ends and a dimer-
ized region near the center, whose size grows as the defect
intensity goes to zero.
Our work opens up several interesting questions re-
lated to the presence of geometric defects on the vacuum
structure of a quantum field theory. It is interesting to
ask whether such a deep modification of the entanglement
properties can be found in other cases.
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Appendix A: Dasgupta-Ma RG extension for free fermions
In this Appendix we describe a generalization of the Dasgupta-Ma RG for inhomogeneous free fermionic chains that
can be applied to systems that have an homogeneous subchain of N = 2L sites embedded. The Hamiltonian H0 that
describes this subchain is given by
H0 = −J
2
N−1∑
i=1 c
†
ici+1 + c†i+1ci, (A1)
and its interactions with the nearest neighbours is given by Hlr
Hlr = −Jlc†l c1 − Jrc†Ncr + h.c.. (A2)
Assuming that Jl ≪ J and JlJr ≈ 1 the whole system can be study by means of degenerate perturbation theory.
The ground state of H0 is given in the previous Appendix B ∣ψ0⟩ = ∏Lm=1 φˆ†km ∣0⟩ with energy E0 = ∑Lm=1 km =−2∑Lm=1 cos ( mpiN+1). The first order correction ⟨ψ0; l′, r′∣Hlr ∣ψ0; l, r⟩ (where ∣ψi; l, r⟩ = ∣ψi⟩ ⊗ ∣l⟩ ⊗ ∣r⟩) vanishes. The
matrix element Bl,r;l′r′ of the degenerate second order contribution is given by:
Bl,r;l′r′ =∑
i≠0 ∑l′′r′′ ⟨ψ0; l, r∣Hlr ∣ψi; l
′′, r′′⟩⟨ψi; l′′, r′′∣Hlr ∣ψ0; l′, r′⟩
E0 −Ei (A3)
Expanding this product and taking into account that ∑l′′r′′ ∣l′′, r′′⟩ ⟨l′′, r′′∣ = I we have:
Bl,r;l′r′ = J2l (⟨l, r∣c†l cl∣l′, r′⟩∑Ni=1 ⟨ψ0∣c1∣ψi⟩⟨ψi∣c†1∣ψ0⟩ + ⟨ψ0∣c†1∣ψi⟩⟨ψi∣c1∣ψ0⟩ki −∑Ni=1 ⟨ψ0∣c
†
1∣ψi⟩⟨ψi∣c1∣ψ0⟩
ki
) +
J2r
⎛⎝⟨l, r∣c†rcr ∣l′, r′⟩∑Ni=1 ⟨ψ0∣cN ∣ψi⟩⟨ψi∣c†N ∣ψ0⟩ + ⟨ψ0∣c†N ∣ψi⟩⟨ψi∣cN ∣ψ0⟩ki −∑Ni=1 ⟨ψ0∣c
†
N ∣ψi⟩⟨ψi∣cN ∣ψ0⟩
ki
⎞⎠ +
JlJr
⎛⎝⟨l, r∣c†l cr ∣l′, r′⟩∑Ni=1 ⟨ψ0∣c1∣ψi⟩⟨ψi∣c†N ∣ψ0⟩ + ⟨ψ0∣c†N ∣ψi⟩⟨ψi∣c1∣ψ0⟩ki +
⟨l, r∣c†rcl∣l′, r′⟩∑Ni=1 ⟨ψ0∣cN ∣ψi⟩⟨ψi∣c†1∣ψ0⟩ + ⟨ψ0∣c†1∣ψi⟩⟨ψi∣cN ∣ψ0⟩ki ) (A4)
Where the non vanishing contributions are given by the excited states whose particle number differs by one with
respect to ∣ψ0⟩:
⟨ψi∣c†i ∣ψ0⟩ ≠ 0 if ∣ψi⟩ = φˆki ∣ψ0⟩ , Ei = E0 − ki , (A5)⟨ψi∣ci∣ψ0⟩ ≠ 0 if ∣ψi⟩ = φˆ†ki ∣ψ0⟩ , Ei = E0 + ki . (A6)
Given that ci = ∑Nm=1 f∗imφˆkm we reach
Bl,r;l′r′ = J2l (⟨l, r∣c†l cl∣l′, r′⟩∑Ni=1 ∣f1m∣2km +∑Li=1 ∣f1m∣
2
km
) + J2r (⟨l, r∣c†rcr ∣l′, r′⟩∑Ni=1 ∣fNm∣2km +∑Li=1 ∣fNm∣
2
km
) +
JlJr (⟨l, r∣c†l cr ∣l′, r′⟩∑Ni=1 f∗1mfmNkm + ⟨l, r∣c†rcl∣l′, r′⟩∑Ni=1 f
∗
Nmfm1
km
) .
Now, particularizing for the functions Eq. (B1) we obtain that the renormalized Hamiltonian B is (up to an additive
constant):
Heff = −JlJr
J
(c†l cr + h.c) , (A7)
which is the expression used to renormalize the systems with strength defects γ = 0 and γ = 1.
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Appendix B: The transition blocks: γ = 1 and γ = 0.
In this appendix we derive Eq. (15). Consider an homogeneous system of N = 2L sites with open boundary
conditions (OBC) whose Hamiltonian is given by Eq. (A1). Solving the time independent Schro¨dinger equation
H0 ∣φk⟩ = k ∣φk⟩ we arrive at
km = −J cos( mpiN + 1) (B1)
∣φkm⟩ = φˆ†km ∣0⟩ = N∑
i=1 f∗mic
†
i ∣0⟩ , within f∗mi = √ 2N + 1 sin( mpiiN + 1) .
Taking N = 4, the many body ground state ∣ψ⟩ at half filling is obtained by occupying the single body levels with
energies −J cos pi
5
and −J cos 2pi
5
.
∣ψ0⟩ = d† ∣0⟩ = v†u† ∣0⟩ = φˆ†k2 φˆ†k1 ∣0⟩ . (B2)
Appendix C: Correlation matrices and entanglement entropy
The correlation matrices C for the ground states Eqs. (10)-(14) are given by
Cij = ⟨GS∣c†icj ∣GS⟩ = L∑
m,m′=1 fi,mf
∗
m′,j⟨GS∣φˆ†mφˆm′ ∣GS⟩
= L∑
m=1 fi,mf∗m,j , (C1)
where we consider half filling and φˆm are the fermionic excitations of each system (bi,j Eq. (6) and di Eq. (15) in our
case) and fi,k is a unitary matrix.
The EE entropy of a block A` is given by [38]:
S(A`) = − `∑
k=1νk log νk + (1 − νk) log (1 − νk), (C2)
where the {νk} are the set of eigenvalues of the correlation matrix restricted to the block A`. We shall next describe
the correlation matrices as a function of the defect parameter γ. All the matrices are symmetric Ci,j = Cj,i and
present left-right symmetry Ci,j = CN+1−j,N+1−i. All the computations are done with L even.
• γ < 0: ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Ci,i = 12 , i = 1, . . . , L
C1,N = − 12 ,
C2i,2i+1 = 12 , i = 1, . . . L2 , (C3)
• γ = 0: ⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
C1,N = − 12 , CL,L+1 = 12
Ci,i = 12 , i = 1, . . . , L
Ci,N+1−i = (−1)i 12√5 , i = 2, . . . , L − 1
C2i,2i+1 = 1√5 , i = 1, . . . L2 ,
(C4)
• γ ∈ (0,1):
Ci,j = 1
2
δi,i + (−1)i 1
2
δi,N+1−i, (C5)
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• γ = 1: ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Ci,i = 12 , i = 1, . . . , L
Ci,N+1−i = (−1)i 12√5 , i = 1, . . . , L
C2i−1,2i = 1√5 , i = 1, . . . L2 (C6)
• γ > 1:
{Ci,i = 12 , i = 1, . . . , L
C2i−1,2i = 12 , i = 1, . . . L2 (C7)
The correlation matrix of the four sites that are integrated out in the same step whose ground state is given by
Eq. (15) is
C4 =
⎛⎜⎜⎜⎜⎜⎝
1
2
1√
5
0 − 1
2
√
5
1√
5
1
2
1
2
√
5
0
0 1
2
√
5
1
2
1√
5− 1
2
√
5
0 1√
5
1
2
⎞⎟⎟⎟⎟⎟⎠
. (C8)
The most simple non trivial lateral block is
A2 = ⎛⎝ 12 1√51√5 12 ⎞⎠ , (C9)
whose eigenvalues are ν1 = 110 (2√5 + 5) , ν2 = 110 (5 − 2√5). The value of Sa, given in Eq. (25), is obtained
applying Eq. (C2). Furthermore Sb, given in Eq. (26, is obtained from the central block
B1 = ⎛⎝ 12 12√512√5 12 ⎞⎠ , (C10)
whose eigenvalues are ν1 = 110 (√5 + 5) , ν2 = 110 (5 −√5). It can be shown that larger central blocks have also
these non trivial eigenvalues and the rest are 0 and 1 which don’t contribute to the EE.
Appendix D: Relation with Dirac equation with δ potential
Consider an inhomogeneous free-fermion chain with a central hopping defect and bond centered symmetry described
by the Hamiltonian:
H(τ) = −τ
2
c†− 12 c 12 − 12 L−
3
2∑
m= 12 Jm (c†mcm+1 + c†−mc−m+1) . (D1)
The single body spectrum is obtained by diagonalizing the hopping matrix. The eigenvalue equations at the center
of the chain are
αφ− 32 + τφ 12 = φ− 12 (D2)
τφ− 12 + αφ 32 = φ 12 (D3)
where  is the single body energy and φm is the amplitude associated with the fermionic operator cm and J 1
2
= α.
The expansion of the local operators cm in terms of its right and left moving components around the Fermi points
(see Eq. (28)) leads to the equations:
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τ (ψIIL − iψIIR ) = (−i + α)ψIL + ( − iα)ψIR (D4)
τ (ψIL + iψIR) = (i + α)ψIIL + ( + iα)ψIIR , (D5)
with
lim
a→0ψL,R (−32a) = lima→0ψL,R (−12a) = ψIL,R, (D6)
lim
a→0ψL,R (32a) = lima→0ψL,R (12a) = ψIIL,R, (D7)
Solving for ψIL in Eq. (D4) and putting it into Eq. (D5) we have:
ψIR = 12ατ (i(τ2 − α2 − 2)ψIIL + (τ2 − ( + iα)2)ψIIR ) . (D8)
Inserting this expression into Eq. (D4) we arrive at
ψIL = 12ατ ((τ2 + (α + i)2)ψIIL − i(τ2 − α2 + 2)ψIIR ) . (D9)
We can express these two equations as ψI = TψII , where T is a transfer matrix:
(ψIL
ψIR
) = 1
2ατ
( τ2 + (α + i)2 −i(τ2 − α2 + 2)
i(τ2 − α2 − 2) τ2 − ( + iα)2 )(ψIILψIIR ) . (D10)
Furthermore, at half filling we have that ÐÐÐ→
L→∞ 0 and the transfer matrix simplifies to:
T = 1
2ατ
( τ2 + α2 −i(τ2 − α2)
i(τ2 − α2) τ2 + α2 ) . (D11)
Note that this can be also written as:
T = 1
2τ˜
( τ˜2 + 1 −i(τ˜2 − 1)
i(τ˜2 − 1) τ˜2 + 1 ) , (D12)
where τ˜ = τ
α
. Substituting τ = e−hγ and α = e−h2 we have the expression Eq. (35).
Appendix E: Details of the RG applied to the SCS system
In this Appendix we derive the ground state of the Hamiltonian
HN(h, γ)scs = −1
2
N∑
m=1Jmc†mcm+1 + h.c., with Jm = {e−h(∣m−(L+
1
2 )∣− 12 ) if m ≠ L,L + 1,
e−hγ if m ∈ {L,L + 1} . (E1)
We use the RG scheme explained in the main text. There are three cases to be considered:
(1.-) Case γ < 1. The couplings present a double tie at the center, so that the dominant interaction involves the
three central sites, L, L + 1 and L + 2. The Dasgupta-Ma prescription Eq. (8) and the sum rule Eq. (9) are not valid
in this situation. We must perform a first order perturbation approach to renormalize three fermionic sites into an
effective site (see Appendix A of [21]), leading to a system with N − 2 sites. The next RG step involves the effective
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γ ∈ (2, 3)
1 + γ > 3
1 + γ > 3
4 < 2 + γ < 5
4 < 2 + γ < 5
5 4 3 2 1 γ γ 1 2 3 4 5
Figure 15: RG procedure for a system HN(h, γ)scs with h≫ 1 and γ ∈ (2,3). The system admits two Dasgupta-Ma RG steps,
above links with log-coupling 1, and after those the renormalized system shows a double tie of lowest log-couplings, with the
two central log-couplings equal to 1+γ (which must be larger than 3). At this moment, we apply the same RG procedure than
for γ < 1.
fermion mode created on the previous one and its two nearest neighbours. Iterating this procedure one obtains the
GS:
∣GS⟩γ<1 = (gξL)† L−2∏
m=1(fsmm )†(g+0 )† ∣0⟩ , (E2)
where sm = (−1)m, ξ = (−1)L2 and
g±m = 1√
2
(cL+1 + b±L−2m,L+2(m+1)), (E3)
g±L = 1√
2
(c1 + b±2,2L) (E4)
f±n = 1√
2
(b±L+1−n,L+1+n + b±L−n,L+2+n), (E5)
with b±i,j defined in Eq. (6).
(2.-) Case γ = 1. The system presents a quadruple tie at the center. The five central sites involved are renormalized
into an effective site on a system with N − 4 sites. At this point the situation is equivalent to the γ < 1 case and
further RG steps are the same as the ones discussed in the previous item.
(3.-) Case γ > 1. In this situation, the dominant interactions are two non-consecutive log-couplings 1, which couple
respectively the sites L − 1 and L, and the sites L + 2 and L + 3. Although the sum rule Eq. (9) is not valid, the
Dasgupta-Ma Eq. (8) can be applied sequentially twice, yielding two fermionic excitations with the same energy
and parity, b+L−1,L and b+L+2,L+3, and leading to a effective system whose Hamiltonian is HN−4(h,1 + γ)scs. The next
decimation step is not univocal:
• If γ ∈ (1,2) the dominant interaction involves the three central sites L − 2,L and L + 4 of the original chain and
the situation is the same as the one described originally for γ < 1, with the double tie (1.).
• If γ = 2 there is a quadruple tie, same as (2.).
• If γ ∈ (2,3) the dominant interactions are the two links with log-coupling 3, which is similar to the situation
described in item (3.). At the end of this step there are two fermionic excitations more, b+L−3,L−2 and b+L+4,L+5,
and the Hamiltonian of the decimated system is HN−8(h,2 + γ)scs. We show in Fig. 15 this situation.
Note that unless γ > L− 1 the RG flows towards the double tie situation and, if γ ∈ N, the decimated system of the
γ-th step will present a quadruple tie. Hence, the GS is:
∣GS⟩γ>1 = (g−L)† L−2(1+⌊γ⌋)∏
k=1 (fηkk+2⌊γ⌋)†(g−⌊γ⌋)†
⌊γ⌋∏
m=1(b+L−2(m−1),L−2(m−1)−1)†(b+L+2m,L+2m+1)† ∣0⟩ , (E6)
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where ⌊⌋ is the floor function, ηk = (−1)k+1, χk = (−1)k−⌊γ⌋.
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